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Autofrettage of Open-End
Tubes—Pressures, Stresses,
Strains, and Code Comparisons
Autofrettage is used to introduce advantageous residual stresses into pressure v
The Bauschinger effect can produce less compressive residual hoop stresses near t
than are predicted by ‘‘ideal’’ autofrettage solutions. A recently developed numer
analysis procedure is adopted and extended. The ratio of calculated autofrettage pre
(numerical)/ideal autofrettage pressure (Tresca criterion and plane stress) is calcu
and verified against available solutions. The case of open-end conditions based upo
Mises and engineering plane strain (constant axial strain with zero net axial force
examined in detail. The ratio in this case varies between unity and 2/), but exhibits very
significant variations from the plane stress case when the diameter ratio of the
exceeds 1.8. Results are within 0.5 percent of available analytical, numerical, and ex
mental results. A simple numerical fit allows all autofrettage pressures to be replicat
within 0.5 percent. The true plane strain pressure ratio is examined and shown t
inappropriate in modeling engineering plane strain. A number of residual hoop and a
stress profiles is presented for radius ratio 2.0. Calculated pressures are used to d
mine residual hoop stress values for tube diameter ratios from 1.1 to 3.0 for the full r
of percentage overstrain levels. These comparisons indicate that Bauschinger ef
evident when the ratio autofrettage radius/bore radius exceeds 1.2, irrespective of
eter ratio. To assist designers the important values of residual hoop stress at the bo
summarized in a composite plot and a numerical fit is provided. The accuracy o
current ASME code using pressure criteria is assessed. The code is shown to be ge
and modestly conservative. A design procedure is proposed which appears capa
extending code validity beyond 40 percent overstrain (the limit of the current code) a
eliminating the small nonconservatism at very low overstrain. Hoop strain values
calculated at both the bore and outside diameter of a tube of radius ratio 2 at the pe
the autofrettage cycle using von Mises criterion with open-end, closed-end, and
strain conditions. These are compared with available solutions; general agreeme
demonstrated, with agreement within 2 percent with an accepted simple formula i
case of open ends. ASME code predictions of percentage overstrain based upon str
the peak of the autofrettage cycle are generally within 6 percent of numerical predict
This is in turn produces an agreement within approximately 3 percent in residual
hoop stress calculation. This discrepancy is generally conservative, becoming
conservative only at overstrain levels exceeding 80 percent. Strain during remov
autofrettage pressure, in the presence of Bauschinger effect, is also calculated
shows that the difference in strain during the unloading phase is up to 8 percent (ID)
6.3 percent (OD) compared with the predictions of elastic unloading. These latter re
show similar agreement with the ASME code as in the peak-strain analysis and p
correction of estimates of percentage overstrain based upon permanent bore enlarge
@DOI: 10.1115/1.1359209#
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Introduction
Autofrettage is used to introduce advantageous residual stre

into pressure vessels and to enhance their fatigue lifetimes.
many years workers have acknowledged the probable influenc
the Bauschinger effect@1#, which serves to reduce the yiel
strength in compression as a result of prior tensile plastic o
load. Chakrabarty@2# provides some review of the microstructur
causes.

The reduction of compressive yield strength within the yield
zone of an autofrettaged tube is of importance because, on
moval of the autofrettage pressure, the region near the bore e
riences high values of compressive hoop stress, approachin
magnitude of the tensile yield strength of the material, if the u
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loading is totally elastic. If the combination of stresses exce
some yield criterion, the tube will reyield from the bore, th
losing much of the potential benefit of autofrettage.

This work employs the numerical procedure proposed by Ja
and Dubey@3# and further developed, together with a review
previous work@4#. The aims are to determine:

~a! pressure to achieve a given percentage overstrain
~b! residual stress profiles
~c! bore hoop residual stress values
~d! simple, accurate numerical fits to~a! and ~c!
~e! strains at ID and OD after autofrettage pressurization
~f! strains at ID and OD after autofrettage depressurization
~g! comparisons with relevant sections of the ASME code

The following geometrical definitions apply~see Fig. 1!: Tube
inner radius,a; tube outer radius,b; radius of plastic zone at pea
of autofrettage cycle,c; maximum radius of reversed plasticity,d;
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general radius location,r. Overstrain is defined as the proportio
of the wall thickness of the tube which behaves plastically dur
the initial application of autofrettage pressure.

The materials considered are steels which conform with
descriptions contained within@5#, upon which the uniaxial stress
strain behavior in tension and subsequent compression is ba
The materials reported in@5# do not exceed a yield strength o
1100 MPa; there is also good reason to believe that this beha
also extends to martensitic steels having significantly higher y
strengths@6#.

Parker et al.@4# present typical hoop residual stress profil
based upon a Tresca criterion plane stress analysis arising
autofrettage of a tube of radius ratio 2.0. The ‘‘ideal’’ profile f
elastic-perfectly plastic behavior without Bauschinger effect is
cluded for comparison. Noteworthy effects include:

• Large reduction in bore hoop stress as a result of Bauschi
effect

• The Bauschinger effect penetrates much deeper into the
than previous attempts at modeling typical gun steels have
gested: approximately 22 and 30 percent of wall thickness
overstrains of 60 and 100 percent, respectively, for a tube of
dius ratio 2.0. Previous work has suggested depths of aroun
percent.

• A minimum value of hoop stress at the bore associated wi
‘saturation’ value of 2 percent plastic strain. This is a direct res
of the constant Bauschinger effect factor~BEF! values observed
by Milligan et al. @5# for plastic strain.2 percent.

• Very limited benefit~in terms of increased compressive ho
stresses in the near-bore region! as a result of overstrain above 6
percent.

• Disadvantages in autofrettage above 60 percent becaus
the significant increase in tensile residual hoop stress at the
side diameter.

The results presented in@4# all relate to Tresca’s yield criterion
under plane stress conditions and are limited principally tob/a
52. Work herein covers the range 1.1<b/a<3.0 and includes the
more practically relevant case of von Mises’ yield criterion co
bined with engineering plane strain~EPS! conditions, i.e., con-
stant axial strain with zero net axial force, often referred to
open-end conditions. However, in order to simplify the presen
tion of results for such a large range of geometries and overs
levels, attention is focused upon bore hoop stresses. These a
overriding importance because it is this value which domina
fatigue crack growth calculations and which is used to determ
pressure for reyielding@4#.

In order to achieve the aims it is necessary to critically exam
certain common assumptions. The first of these is the frequen
of a multiplying factor of 1.15~2/)! in order to determine re-
sidual stress profiles based upon von Mises’ criterion from th
obtained using Tresca’s criterion. The second, separate ass
tion is the use of a similar multiplying factor in determining th
required bore pressure to achieve a given percentage overs
This factor is used to scale the autofrettage pressure determ

Fig. 1 Tube geometry
272 Õ Vol. 123, AUGUST 2001
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via a Tresca plane stress analysis. For various reasons the
bined effect of any error in these factors could far exceed
intuitive expectation of a maximum effect of 15 percent.

Previous work on strains in autofrettaged tubes with vario
combinations of end conditions and yield criteria has been
viewed and extended in@7#. A text containing a general overview
and examples is available@2#. Further work is due to Marcal@8#,
who used a numerical stiffness method to determine OD strai
a function of peak autofrettage pressure; he also provided a plo
OD strain versus ID strain for a range of diameter ratios.

There does not appear to have been any previous nume
quantification of the influence of Bauschinger effect upon
strain during unloading~i.e. during removal of autofrettage pres
sure!. It is usually assumed, in calculating strains, that such
loading is wholly elastic. Conversely, it is usually assumed,
calculating residual stresses, that such unloading does involve
ther plasticity. These assumptions are mutually incompatible.
inference of further plasticity during unloading is incontrovertib
and the question is therefore not whether unloading is inelas
but whether such behavior makes any significant contribution
strain values and subsequent stress calculations.

The ASME Code@9# contains procedures for relating OD stra
at peak autofrettage loading to the percentage overstrain. It
provides a method for relating the difference between bore di
eter before and after autofrettage~termed permanent bore enlarg
ment! to the level of overstrain.

In this paper strains are calculated for von Mises criterion
plied to EPS, closed-end~constant axial strain with net axial forc
equal to internal pressure3 bore cross-sectional area!, and plane
strain ~zero axial strain! configurations.

Analysis Procedure
The residual compressive hoop stress within the plastically

formed region of an autofrettaged tube determined via a Tre
plane stress analysis without Bauschinger effect is well kno
@2#, and is given by

sueTs52peTs1Y@11 ln~r /a!#2@peTsa2~b22a2!#•@11b2/r 2#
(1)

whereY is the uniaxial yield stress for the material, and the a
tofrettage pressure~Tresca, plane stress!, peTs is given by

peTs5Y@ ln~c/a!1~b22c2!/2b2# (2)

andc/a<2.22. Yielding onset~0 percent overstrain,c5a! occurs
when

pe0 percent
Ts 5Y~b22a2!/2b2 (3)

The equivalent pressure for the case of von Mises and p
stress,pe0 percent

VMs @2#, may be obtained from

pe0 percent
VMs /pe0 percent

Ts 5~2/) !/A111/$3~b/a!4% (4)

100 percent overstrain (c5b), for Tresca, plane stress requires
pressure

pe100 percent
Ts 5Y ln~b/a! (5)

Substituting Eq.~2! into Eq. ~1!

sueTs/Y5~c21b2!/2b21 ln~r /c!2@a2/~b22a2!#•@11b2/r 2#

•@~b22c2!/2b21 ln~c/a!# (6)

The value of hoop stress at the bore is obtained by settingr 5a in
Eq. ~6! to give

suebore
Ts /Y5@~c22a2!22b2 ln~c/a!#/@b22a2# (7)

Hill @10# reviews approximate methods of correcting Eq.~7! to
simulate von Mises criterion in modeling the autofrettage proce
Hill concludes with the now familiar finding that by substitutin
2Y/) ~generally represented as 1.15Y! for Y in Eqs.~6! and~7!,
Transactions of the ASME
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the errors in residual stress prediction are less than 2 percent
implication is that for a given percentage overstrain, a sim
scaling of the Tresca residual stress predictions by 1.15 will p
duce the desired von Mises prediction. Note that Hill’s analy
implicitly excludes Bauschinger effect and assumes true pl
strain conditions~TPS!, i.e., zero axial strain. This will be o
importance in understanding upcoming results relating to EPS

The question of modification of autofrettage pressure to acco
for von Mises criterion with open-end conditions has been
dressed by several workers. Davidson et al.@11# obtained experi-
mental values of pressure at 100 percent overstrain in the ra
1.6<b/a<2.4, Marcal@8# employed a stiffness method and d
termined pressure for 100 percent overstrain in the range
<b/a<4.0, together with hoop strains at the outer surface for
complete range of possible overstrain pressures. Davidson
Kendall @7# proposed an empirical pressure value of 1.08Y ln(b/a)
for the case of 100 percent overstrain, with an associated m
mum error of 2 percent. The current ASME pressure vessel c
@9# uses a fixed scaling factor of 1.15peTs, but limits code validity
to a maximum of 40 percent overstrain.

A rational approach to the numerical procedure, which
lengthy and often involves multiple iterations, requires that ana
ses are undertaken in a specific sequence, namely:

Step 1 For each tube geometry iteratively determine pressu
achieve a given percentage overstrain. This is repeated for
case of von Mises’, plane stress,peVMs, and von Mises, EPS
peVMEPS. Both sets of results are normalized with Tresca, pla
stress,peTs. The first set is used to validate numerical results
comparison with analytical bounds, the second set is used a
basis of a proposed design procedure.

Step 2 Determine some simple numerical fit to the ratios de
mined in Step 1 for use by designers.

Step 3 Employ the autofrettage pressures determined in St
for the von Mises, EPS case in determining a limited range
autofrettage residual stress profiles. These results to cover
and axial stress and encompass both Bauschinger-affected
non-Bauschinger-affected situations.

Step 4 Determine numerous bore hoop stress values for the
Mises, EPS case, normalized withsueTs from Eq. ~1!.

Step 5 Determine some simple numerical fit to the ratios de
mined in Step 4 for use by designers.

Step 6 Use procedures employed in Steps 1–5 to assess
racy of ASME code.

Step 7 Propose a procedure which will improve accuracy
extend code validity beyond current 40 percent overstrain lim

Step 8 Repeat appropriate steps to determine ID and OD s
values.

Pressure for Given Overstrain Level
Figure 2 shows numerically determined values of bore pres

for a given percentage overstrain based upon von Mises crite
plane stress,peVMs, normalized with the equivalent Tresca, pla
stress pressurepeTs. Elastic-perfectly plastic behavior is assum
during loading. Two analytical bounds are also shown: the firs
the onset of autofrettage as defined by Eq.~3!, while the second
bound relates to 100 percent overstrain and was obtained i
tively from Weigle @12#. This equation, in current notation, is

2 lnF ~b/a!2A3g

11A3g23
G5)p22) arctan Ag21 (8)

where

g5
4

3
@Y/~pe100 percent

VMs !#2 (9)

and, for a real solution

~pe100 percent
VMs !/Y<2/) (10)
Journal of Pressure Vessel Technology
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The numerical results for the cases 0 and 100 percent overs
are within 0.2 percent of the analytical bounds. The 100 perc
bound is not valid beyondb/a52.5 because of the restriction
imposed by Eq.~10!. Figure 2 gives considerable confidence
the numerical procedure employed. The technique is now
tended to the case of von Mises, EPS.

The numerical procedure required to encompass EPS requ
only one enhancement to the procedure employed thus far
described in@4#. This involves an additional iterative stage i
which a true plane strain~TPS! ~i.e., zero axial strain! solution is
obtained initially and total axial force in the tube determined. A
appropriate constant strain is then applied to the tube and it
tively adjusted until EPS is achieved. This extended proced
requires two alternating sets of iterations. It was found that e
EPS solution for a given geometry and autofrettage pressure
quired around 1000 iterations in total; however, since the selec
of autofrettage pressure for a given overstrain is itself iterati
this number must be factored by a further 10 or 20. Since
pressure-iteration procedure does not readily lend itself to co
plete automation, the process is undeniably time consuming!
scheme does nonetheless provide a monotonic, repeatable, m
independent convergence.

Figure 3 is in precisely the same format as Fig. 2, but relate
von Mises criterion, EPS solutions,peVMEPS. In this case the pre-
vious bounds are clearly in evidence, with 0 percent forming
excellent upper bound, but with significant deviation atb/a
.1.5, as might be anticipated, from the 100 percent von Mis
plane stress bound. The analytic TPS bound for 0 percent o
strain @2#, labeled ‘‘100 percent ANALYTIC,’’ is also included.
This leads to an important observation: the use of a fixed pres
ratio of 2/) may be justifiable in the TPS case, but appears in
propriate in the EPS case.

The following expression provides a fit to the EPS~open-end!
results which are generally within 0.5 percent over the ent
range:

Fig. 2 Bore pressure for given percentage overstrain, von
Mises and plane stress conditions assumed

Fig. 3 Bore pressure for given percentage overstrain, von
Mises and engineering plane strain „open-end … conditions as-
sumed
AUGUST 2001, Vol. 123 Õ 273
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peVMEPS

peTs 5
~2/) !

A111/$3~b/a!a%
(11)

where

a5422.3n (12)

and

n5~c2a!/~b2a!, ~c2a!/~b2a!<70 percent (13)

n570 percent, ~c2a!/~b2a!.70 percent (14)

The results for 100 percent overstrain with open ends may
be compared with two other sources. Figure 4 shows pressur
100 percent overstrain normalized with yield stress. The result
Marcal @8# who used a numerical procedure are shown toge
with the averaged experimental results of Davidson et al.@11# and
the empirical fit proposed by Davidson and Kendall@7#. The cur-
rent work is within 1 percent of@8#, and within 4 percent of the
experimental results. The experimental results fall generally
low the numerical. It was also noted that the outside surface h
strains, covering the full range of partial autofrettage pressure
diameter ratios reported in Fig. 1 of@8#, are replicated to within
0.5 percent by the current method.

An apparently anomalous effect was noted which helps to
plain equivalent variations in strain in a later section. Conside
typical tube of radius ratio,b/a52. Autofrettage pressures wer
determined for a given level of overstrain with open-end con
tions. These, together with additional values covering closed-

Fig. 4 Bore pressure for 100 percent overstrain—comparison
with other work, von Mises and engineering plane strain con-
ditions

Fig. 5 Pressures at autofrettage peak for plane strain, open-
end, and closed-end conditions, b ÕaÄ2. Results normalized
using Eq. „1….
274 Õ Vol. 123, AUGUST 2001
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and plane strain conditions, are presented in Fig. 5, wherein p
sure is normalized using that for Tresca, plane stress, from
~2!.

As expected, the results for plane strain are bounded by
open and closed-end solutions. However, plane strain is not c
sistently separated from these two bounds, the effect being
ticularly evident approaching 100 percent overstrain. This is d
to subtle differences arising from the fact that, while average ax
stress is proportional to autofrettage pressure for open and clo
end solutions, this is not so for plane strain after the onset
yielding. The plane strain solution was compared with an artific
quasi-plane strain~QPS! solution, with constant average axia
stress/autofrettage pressure held at the ratio which obtains du
the elastic phase. This ensures that prior to the onset of plasti
plane strain and QPS are identical, but thereafter may differ. F
ure 5 shows the pressures for QPS. These results demonstr
more consistent separation from open and closed-end solutio

Figure 6 shows the average axial stress for plane strain and
QPS. A maximum difference of 13 percent is evident. Analogo
but not proportional, effects in strain variation are reported
upcoming sections.

Residual Stress Profiles After Pressure Removal
The pressure ratios presented in the previous section pro

the pressure necessary to achieve a given percentage overs
When the bore pressure defined in Fig. 3 and Eq.~11! is removed
residual stresses are ‘‘locked in’’ to the tube. It is during th
unloading phase that the Bauschinger effect may manifest its

Figure 7 relates to the caseb/a52 without Bauschinger effect.
It shows the percentage error in bore hoop stress and in perc

Fig. 6 Average axial stress Õautofrettage pressure for plane
strain and quasi-plane strain „b ÕaÄ2…

Fig. 7 Percentage error in bore hoop stress and in percentage
overstrain resulting from use of Hill’s approximation †10‡
Transactions of the ASME
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Fig. 8 Hoop residual stress profile for b ÕaÄ2 with various per-
centage overstrains; von Mises and engineering plane strain
„EPS… conditions assumed

Fig. 9 Axial residual stress profile for b ÕaÄ2 with various per-
centage overstrains; von Mises and engineering plane strain
„EPS… conditions assumed
Journal of Pressure Vessel Technology
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age overstrain for both true plane strain and EPS based u
Hill’s model @10#. In the case of plane strain Hill’s model provide
bore hoop stress within 0.1 percent and underestimates overs
by between 2.5 and 4.0 percent. Equivalent discrepancie
the EPS case are less than 2.7 percent for hoop stress, but
large underestimates in percentage overstrain at higher nom
overstrains.

Figure 8 relates to the caseb/a52 including Bauschinger ef-
fect. It shows typical residual hoop stress profilessueVMEPS for the
full range of possible overstrain. The profile relating to 100 p
cent overstrain without Bauschinger effect is shown as a he
broken line; the remainder of the results include Bauschinger
fect. Qualitatively, these results are very similar to those
Tresca, plane stress@4# summarized earlier and the observatio
listed as bullet points in the introduction are unchanged. Howe
there is some increase in magnitude of residual hoop stress
tween Tresca, plane stress and von Mises, EPS. Examples of
centage increase in compressive bore hoop stress are 10.3 pe
~20 percent overstrain!, 11.4 percent~40 percent overstrain!, 10.7
percent ~60 percent overstrain!, 9.4 percent~80 percent over-
strain!, 8.5 percent~100 percent overstrain!.

The associated values of axial stress are presented in Fi
The approximate rule-of-thumbbore hoop stress3Poisson’s ratio
5bore axial stressis observed. Because there is an extrem
large number ofb/a and overstrain combinations under investig
tion, results presented hereafter focus upon bore hoop s
values.

Residual Bore Hoop Stresses
It has been noted@13# that percentage plastic strain during in

tial autofrettage pressurization is of crucial importance. Beca
this is a strong function ofc/a and relatively insensitive tob/a, it
is frequently more physically significant to plot hoop stresses a
function of c/a rather than percentage overstrain.

Figure 10 shows a composite plot of bore hoop stress ve
c/a. One set is predicted from an ideal, von Mises, EPS, elas
perfectly plastic analysis without Bauschinger effect~annotated
Fig. 10 Bore hoop stress values as a function of c Õa for a range of autofrettaged tube geometries. „I…
indicates ideal solution, „B… indicates results incorporating Bauschinger effect.
AUGUST 2001, Vol. 123 Õ 275
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‘‘I’’ ! and the other set from a similar analysis which includ
Bauschinger effect~annotated ‘‘B’’!. In all cases bore hoop stres
values are normalized with yield stress.

One design approximation to the Bauschinger effect is t
compressive hoop stress at the bore is capped at 70 perce
yield when the ideal value exceeds this level. Figure 10 indica
that this assumption may be significantly nonconservative.
example, an overstrain of 27 percent forb/a52.5 would be
capped at 70 percent of yield, whereas its value is only 53 per
of yield. Such an overestimate could produce orders of magnit
shift in fatigue lifetime calculations from pre-existing defects
cyclically pressurized cylinders. However, the use of an appro
mation based upon 70 percent of the ideal value does give a u
design approximation~within 2 percent and conservative! for
c/a.1.4.

Figure 10 also indicates a consistent ‘‘cut-off’’ atc/a51.2,
below which the results follow the ideal curve without Bausc
inger effect and above which they exhibit an increasing loss
compressive yield strength arising from the Bauschinger eff
The cut-off is clear for all results withb/a>1.5. While the effect
was more subtle, it is also exhibited in the numerical results
b/a51.25. The Bauschinger effect is absent forb/a<1.2.

Possible Design Procedure
The data in Fig. 10 may be presented in a useful format wh

leads to a possible design procedure. Figure 11 shows the s
data normalized withsuebore

Ts , Eq. ~7!. Two features emerge:

~a! There is an upper bound~shown as a heavy line! which
defines residual stress for those cases in which Bauschinger e
is absent. All ideal curves shown in Fig. 10 fall on a single cur
Deviation from the curve is less than 1 percent over the full ra
of overstrain andb/a ratios considered.

~b! When Bauschinger effect is present, the residual str
variation is a near-linear function ofb/a with generally constant
slope for all overstrain levels.

Figure 11 could form the basis of a single, accurate des
curve whereby autofrettage pressure for required overstrain is
tained using Eq.~11! and residual stress is obtained via Fig. 1
276 Õ Vol. 123, AUGUST 2001
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The procedure involves entering withb/a, moving vertically to
appropriate percentage overstrain or bounding curve, whichev
encountered first, and reading off bore hoop stress.

The upper bound of Fig. 11 may be approximated as follo
~maximum error 0.5 percent!:

suebore
VMEPS/suebore

Ts 50.0791~b/a!320.6502~b/a!2

11.8141~b/a!20.5484 (15)

Because reversed yielding will occur even in the absence
Bauschinger effect whenc/a.2.22, Eq.~12! is limited to c/a
<2.22. The linear sections which incorporate the Bauschin
effect are approximated by

suebore
VMEPS/suebore

Ts 5R20.7086•~1.0296m322.7994m2

12.6631m20.89! (16)

where

R51.038820.1651~b/a! (17)

and

m5~c2a!/~b2a! (18)

This fit is shown for comparison as straight, dotted lines in F
11. Overall the fit is conservative with maximum errors of 5 pe
cent. In the ranges of most practical application, 1.75<b/a
<3.0, 30 percent<(c/a)/(b2a)<80 percent, maximum error
again conservative, is generally less than 2 percent.

The overall design procedure~i.e., pressure calculation via Eq
~11! and stress calculation via Eq.~15! or ~16!! was compared
with the original data presented in Fig. 10. Maximum difference
generally 1.5 percent; this is considered adequate for a sim
design procedure.

The upper bound, defined by Eq.~15! was also examined in
more detail in order to assess existing models. Figure 12 sh
the bound relating to von Mises, EPS based upon Eq.~15!, to-
gether with the equivalent, numerically determined, bound for v
Mises, plane stress; the latter appears to exhibit a limit of 2)
with increasingb/a.
Fig. 11 Ratio of bore hoop stresses, von Mises EPS Õideal Tresca plane stress. Broken lines indicate linear fit
to Bauschinger-affected results.
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In order to further examine Hill’s model@10# referred to in the
earlier ‘‘Analysis Procedure’’ section, the equivalent, numerica
determined solutions for the case of von Mises TPS are prese
for overstrains of 20 and 80 percent. The maximum differen
between these results and the 2/) value proposed by Hill varies
between111 percent~conservative! and27 percent~nonconser-
vative!. It is also apparent, perhaps surprisingly, that von Mis
plane stress is a better~and consistently conservative! approxima-
tion to von Mises EPS than is von Mises TPS.

ASME Code Comparisons—Pressure
Autofrettage, including Bauschinger effect, is covered by A

ticle KD5 of the ASME Pressure Vessel Code@9# which fully
defines the procedure for calculating residual stresses. Poin
significance in the Code are:

~a! Autofrettage pressure is defined as 1.15peTs with peTs de-
fined in Eq.~2!.

Fig. 12 Bore hoop stresses, von Mises EPS, Tresca EPS, and
von Mises TPS, each normalized with Tresca plane stress
Journal of Pressure Vessel Technology
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~b! Residual bore hoop stress in the absence of Bauschi
effect is given by 1.15suebore

Ts with suebore
Ts defined in Eq.~7!.

~c! Section KD-522.2 contains details of correction f
Bauschinger effect

~d! The code limits the bore pressure calculation to a maxim
of 40 percent overstrain.

Both ~a! and ~b! are at odds with the conclusions arising fro
numerical solutions presented herein. However, this does not
essarily invalidate the code since the correction procedure se
to modify residual stress calculations. In order to properly co
pare the code with the numerical procedure presented herein,
necessary to follow code procedure precisely.

Figure 13 shows the result of a detailed comparison of c
with the von Mises EPS numerical procedure. The results co
the range 1.25<b/a<3.0. The caseb/a51.1 is omitted since use
of the code autofrettage pressure leads, for all overstrains,
numerical prediction of greater than 100 percent overstrain. F
ure 13 presents percentage differences between bore stress a
culated via the code and that obtained via the von Mises E
analysis, i.e.,

Percent Difference5
~Code Solution2Numerical Solution!

Numerical Solution
(19)

Hence, a negative difference indicates conservatism within
code. These results indicate:

~a! The ASME code appears generally conservative for all l
els of overstrain for which it is valid~i.e., up to a maximum of 40
percent!.

~b! The code may be nonconservative at very low levels
overstrain~10–20 percent! for diameter ratios.2.0. However, the
overestimate is limited to around 5 percent of bore stress.

~c! The code formulation, based upon autofrettage pressur
not suitable in its present form for use beyond 40 percent ov
strain.
Fig. 13 Percentage difference between ASME Code and von Mises EPS numerical model; negative
values indicate code conservatism. Note: code validity limited to 40 percent overstrain.
AUGUST 2001, Vol. 123 Õ 277
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Strains During Autofrettage Loading
Figure 14 shows normalized bore hoop strain,«a , as a function

of c/a for each of three end conditions. For numerical reaso
errors are likely to be greatest as 100 percent overstrain (c/a
52) is approached; for this reason, a refined node distribut
was employed near to the OD.

Results for plane strain are compared with those due to@14#,
while those for open ends are compared with@15#; there is no
discernible difference. No equivalent solution is available for t
case of closed ends; however, an alternative comparison is
ported in a subsequent section.

Hoop strains in the plastic region of an open-end partially pl
tic thick cylinder are approximated, with an implied accuracy o
percent@7#, by

«aE/Y51.08~122n!ln~r /c!

1
c2~12n!2b2~122n!1@~c2b2!/r 2#~22n!

A3b41c4

(19)

Figure 15 shows the result of normalizing the bore hoop str
results in Fig. 14 using Eq.~19! evaluated atr 5a, this provides
an excellent approximation for the open-end case with a ma
mum discrepancy of 2 percent at 100 percent overstrain. H
ever, Eq.~19! does not appear to be appropriate for the other t
cases.

As a further check, Fig. 16 shows a plot of ID strain versus O
strain. There is no discernible difference between the current
merical results and those of Marcal@8#, who obtained solutions
for open and closed-end conditions. Hence, strain values for e
end condition have now been successfully compared with av
able data from at least one independent source. Figure 16
shows the anomaly in plane strain predictions at high overst
analogous to that which was investigated previously; a single Q
value, evaluated at 100 percent overstrain, is shown. Although
reported in detail herein, the effect is less than 0.15 percent p
to 50 percent overstrain, increasing to 1 percent at 100 per
overstrain.

OD hoop strain values are presented in Fig. 17. These
shown in normalized form in Fig. 18. The normalizing strain
the ideal, Tresca, plane stress solution, namely

«b5~Y/E!•~c2/b2! (20)

Fig. 14 Bore hoop strain values at autofrettage peak for plane
strain, open-end, and closed-end conditions
278 Õ Vol. 123, AUGUST 2001
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Fig. 15 Bore hoop strain values at autofrettage peak for plane
strain, open-end, and closed-end conditions. Results normal-
ized using Eq. „19….

Fig. 16 Bore hoop strain versus OD hoop strain at autofret-
tage peak for plane strain, open-end, and closed-end condi-
tions. Results for open and closed-end conditions coincide
with †8‡.

Fig. 17 OD hoop strain values at autofrettage peak for plane
strain, open-end, and closed-end conditions
Transactions of the ASME
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Fig. 18 OD hoop strain values at autofrettage peak for plane strain, open-end,
and closed-end conditions. Results normalized using Eq. „20….
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Strains During Autofrettage Unloading
The Bauschinger effect serves to reduce the yield strengt

compression and produces further yielding during removal of
tofrettage pressure. The effect upon residual stress has alr
been examined in detail. The objective now is to quantify
effect upon residual strain.

ID and OD strains during unloading are shown in Fig. 19
each of the three end conditions. The results are normalized
those which arise from purely elastic unloading for the appro
ate end condition@2#, namely

E«

p
5

a1~11n!~b2/r 2!

~b2/a221!
(21)

p, the autofrettage peak pressure, is obtained from Fig. 3
a5~122n!, closed ends,a5~12n!, open ends,a5~11n!~122n!,
plane strain.

The maximum errors associated with the assumption of ela
unloading are approximately 8 percent for ID strain and 6.3 p
cent for OD strain.

Fig. 19 ID and OD hoop strain values during unloading from
autofrettage peak for plane, strain, open-end, and closed-end
conditions. Results normalized using Eq. „21….
ssel Technology

.5.224.57. Redistribution subject to ASME lic
in
au-
ady

he

or
ith

ri-

and

stic
er-

ASME Code Comparisons—Strains
Autofrettage, including Bauschinger effect, is covered by A

ticle KD5 of the ASME Pressure Vessel Code@9#. The Code
offers two separate strain-based methods for assessing perce
overstrain during manufacture and provides a procedure by wh
the associated residual stresses are computed. Each of thes
procedures is now assessed.

OD Hoop Strain at Autofrettage Peak. Figure 20 shows the
percentage difference between numerical and code-predictedc/a
values for each of the three end conditions. Figure 20 also sho
for the open-end condition, the percentage difference betw
bore stress as calculated via the code and that obtained via
numerical analysis, i.e.

Difference5
~Code Solution2Numerical Solution!

Numerical Solution
(22)

A negative difference indicates conservatism within the co
hence, for all common levels of overstrain~20–75 percent!, code

Fig. 20 Percentage difference between code predictions and
numerical predictions of c Õa and of residual bore hoop stress
using OD strain at autofrettage peak
AUGUST 2001, Vol. 123 Õ 279
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stress prediction is modestly conservative. Maximum noncon
vatism occurs at 100 percent overstrain when the differe
reaches 3 percent. There is a straightforward explanation for
apparent discontinuity at 20 percent overstrain; the code inco
rates a condition relating to the onset of reversed yielding wh
produces this effect.

Residual Hoop Strain at Bore after Unloading. In analo-
gous fashion, Fig. 21 shows the percentage difference betw
numerical and code-predictedc/a values for each of the three en
conditions. Figure 21 also shows, for the open-end condition,
percentage difference between bore stress as calculated via
code and that obtained via the numerical analysis. Maximum n
conservatism again occurs at 100 percent overstrain when the
ference reaches 3 percent.

Summary and Conclusions
This work extended an existing numerical procedure to cal

late a wide range of autofrettage pressures and a limited num
of hoop and axial residual stress fields for tubes under open-
~engineering plane strain! conditions using von Mises criterion. A
design curve with numerical fit was proposed which allows t
open-end pressure results to be replicated to within 0.5 perce

The practice of using an autofrettage design pressure, fo
given overstrain, of 1.15 times the ideal pressure from a Tre
criterion, plane stress analysis is shown to be appropriate for
plane strain, but inappropriate for engineering plane strain~open
ends!. Residual hoop stresses in the absence of Bauschinger e
are well predicted by the 1.15 factor model for both plane str
and open ends.

A limited number of residual stress profiles were presented
Bauschinger and non-Bauschinger-affected tubes. These con
earlier observations relating to hoop stress and provide additio
profiles for axial residual stress. By focusing upon the value
residual hoop stress at the bore, a design procedure was fo
lated which provides accurate representation over the prac
range of overstrains and of tube diameter ratios. A design cu
with numerical fit to an accuracy of 1.5 percent was proposed

The practice of scaling to 70 percent of the ideal residual ho
stress to represent Bauschinger effect was shown to be a rea
able and conservative assumption atc/a values exceeding 1.4
Conversely, capping at 70 percent of yield strength is inappro
ate and nonconservative in many cases.

The numerical procedure was also used to compare resi
hoop stress values with the relevant section of the ASME Co
The code is shown generally to be modestly conservative, al
limited to a maximum of 40 percent overstrain for design bas
upon a specific pressure.

Fig. 21 Percentage difference between code predictions and
numerical predictions of cÕa and of residual bore hoop stress
using permanent strain at ID after autofrettage
280 Õ Vol. 123, AUGUST 2001
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This work also extended an existing numerical procedure
calculate autofrettage hoop strains at ID and OD for a tube
radius ratio 2 under open-end~engineering plane strain!, closed-
end, and plane strain conditions using von Mises criterion. Th
strains were obtained separately during the loading phase and
ing the unloading phase. The unloading incorporated Bauschin
effect. Strains were compared with available solutions. Gen
agreement was demonstrated, with agreement within 2 perce
an accepted simple formula for strains at the peak of the auto
tage pressure cycle in the case of open ends.

Certain apparently anomalous behavior in the plane strain c
dition at high levels of overstrain was shown to be associated w
variations in average axial stress.

ASME code predictions of percentage overstrain based u
strains at the peak of the autofrettage cycle were generally wi
6 percent of numerical predictions. This in turn provided an agr
ment within approximately 3 percent in residual bore hoop str
calculation. This discrepancy is generally conservative, becom
nonconservative only at overstrain levels exceeding 80 perce

Strain during removal of autofrettage pressure, in the prese
of Bauschinger effect, was also calculated. This showed that
difference in strain during the unloading phase is up to 8 perc
~ID! and 6.3 percent~OD! compared with the predictions of elas
tic unloading. These latter results showed a similar percent
agreement with the ASME Code as in the peak-strain analysis
would permit correction of estimates of percentage overstr
based upon permanent bore enlargement.

It is suggested that adoption of some of the design proced
proposed within this paper would provide ease of use, accur
and much extended code validity.
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Nomenclature

a, b, c, d, r 5 radii defined in Fig. 1
bore 5 bore value
EPS 5 Engineering plane strain

n 5 percentage overstrain
p 5 autofrettage pressure
R 5 factor defined in Eq.~17!
T 5 Tresca criterion

TPS 5 true plane strain
Ts 5 Tresca criterion, plane stress

VM 5 von Mises criterion
VMs 5 von Mises criterion, plane stress

Y 5 uniaxial yield stress
a 5 factor defined in Eq.~12!
« 5 hoop strain
n 5 Poisson’s ratio

su 5 residual hoop stress after autofrettage
pe100 percent

Ts 5 notation example: pressure for 100 percent ove
strain with Tresca, plane stress condition
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